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Abstract
We modify the Laplacian coflow of co-closed G2-structures -
d
dt
ψ = ∆ψ where ψ is the
closed dual 4-form of a G2-structure ϕ. The modified flow is now weakly parabolic in the
direction of closed forms up to diffeomorphisms. We then prove short time existence and
uniqueness of solutions to the modified flow.
1 Introduction
Ever since the Ricci flow has been introduced by Richard Hamilton [15], geometric flows have
played an important role in the study of geometric structures. The general idea is to begin with
some general geometric structure on a manifold and then use some flow to obtain a more special
structure. In the study of G2-structures on 7-dimensional manifolds, an important question is
under what conditions is it possible to obtain a torsion-free G2-structure (which corresponds to
manifolds with holonomy contained in G2) from a G2-structure with some other torsion class. To
do this, one can either attempt a non-infinitesimal deformation of the G2-structure [11, 12, 19],
or one can try to construct a flow which interpolates between different torsion classes. The first
such flow has been proposed by Bryant [3] - if we start with a closed G2-structure, that is one
for which the defining 3-form ϕ satisfies
dϕ = 0
then the Laplacian ∆ϕ = dd∗ϕ is an exact form, and hence Laplacian flow of ϕ
dϕ
dt
= ∆ϕϕ (1.1)
preserves the cohomology class, and we get a flow of closed G2-structures within the same
cohomology class. Here ∆ϕ denotes the Hodge Laplacian with respect to the metric gϕ associated
to the G2-structure ϕ.
Suppose now M is a compact 7-dimensional manifold with a G2-structure ϕ. It is then
possible to interpret the flow (1.1) as a gradient flow of the volume functional V [4]
V (ϕ) =
1
7
∫
M
ϕ ∧ ∗ϕ (1.2)
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Then, the functional V increases monotonically along this flow. As shown by Hitchin [16], for a
closed G2-structure ϕ, V attains a critical point within the fixed cohomology class of ϕ whenever
d ∗ ϕ = 0, that is, if and only if ϕ defines a torsion-free G2-structure. Therefore, it is to be
expected that if a long-time smooth solution to (1.1) exists, then it should converge to a torsion-
free G2-structure. In [4, 25] it is shown that after applying a version of the DeTurck Trick
(named after DeTurck’s proof of short time existence and uniqueness of Ricci flow solutions [7]),
the flow (1.1) can be related to a modified flow that is parabolic along closed forms. This was
then used to prove short time existence and uniqueness of solutions. Moreover, in [25], it was
shown that if the initial closed G2-structure ϕ0 is near a torsion-free structure ϕ1 then the flow
(1.1) converges to a torsion-free G2-structure ϕ∞ which is related to ϕ1 via a diffeomorphism.
Other flows of G2-structures have also been proposed. In [20], Karigiannis studied the
properties of general flows of ϕ by an arbitrary 3-form. In [23, 24], Weiss and Witt made
significant progress while studying gradient flows of Dirichlet-type functionals for G2-structures.
They have obtained short-time existence and uniqueness results as well as long-time convergence
to a torsion-free G2-structure if the initial condition is sufficiently close to a torsion-free G2-
structure, i.e. stability of the flow.
Most of the flows studied focused on flowing the 3-form ϕ. However, a G2 -structure can also
be defined by the dual 4-form ∗ϕ, which we will denote by ψ. It is then natural to consider the
analogue of the Laplacian flow (1.1), but for the 4-form. Such a flow,
dψ
dt
= ∆ψψ (1.3)
named the Laplacian coflow of G2-structures, has originally been proposed by Karigiannis,
McKay and Tsui in [21]. Here ∆ψ is the Hodge Laplacian defined by the metric gψ which
is the metric associated to the G2-structure defined by ψ. Note that in [21], there was a minus
sign on the right hand side of (1.3). The flow (1.3) shares a number of properties with (1.1). In
particular, if we start with ψ closed, that is, a co-closed G2-structure, then (1.3) preserves the
cohomology class of ψ. Thus we get a flow of co-closed G2-structures. The volume functional
can be restated in terms of ψ, and then it attains a critical point within the cohomology class
of ψ whenever d ∗ ψ = dϕ = 0. The flow (1.3) can then also be interpreted as a gradient flow
of the volume functional, and it is easy to see that the volume grows monotonically along this
flow. While qualitatively some of the properties are similar to the Laplacian flow on 3-forms, the
initial conditions are completely different - in (1.1) we start from a closed G2-structure, while
in (1.3), we start from a co-closed G2-structure.
In this paper we study the analytical properties of the flow (1.3). It turns out that despite
the similarities with the 3-form flow (1.1), the 4-form flow cannot be related to a flow that is
strictly parabolic in the direction of closed forms using diffeomorphisms. Therefore, we propose
a modified version of (1.3), given by
dψ
dt
= ∆ψψ + 2d ((A− TrT )ϕ) (1.4)
Here TrT is the trace of the full torsion tensor T of the G2-structure defined by ψ, and A is a
positive constant. This flow is now weakly parabolic in the direction of closed forms and hence
it is possible to relate it to a strictly parabolic flow using an application of deTurck’s trick. The
flow (1.4) still preserves the cohomology class of ψ and if TrT is small enough in some sense,
the volume functional grows along the flow. We then use the techniques from ([4]) to show
short-time existence and uniqueness for this flow.
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The outline of the paper is as follows. In Section 2 we give a brief overview of the properties
of G2-structures and their torsion. In Section 3 we consider the deformations of G2-structures
in terms of deformations of the 4-form ψ, and in Section 4 we consider the properties of ∆ψψ,
including its linearization. The modified flow (1.4) is then defined in Section 5, and in Section
6 we prove the short time existence and uniqueness of solutions of (1.4). For that we adapt the
techniques used by Bryant and Xu in [4] for the Laplacian flow of ϕ.
Acknowledgement I would like to thank the anonymous referee for very helpful remarks
and suggestions.
2 G2-structures and torsion
The 14-dimensional group G2 is the smallest of the five exceptional Lie groups and is closely
related to the octonions. In particular, G2 can be defined as the automorphism group of the oc-
tonion algebra. Taking the imaginary part of octonion multiplication of the imaginary octonions
defines a vector cross product on V = R7 and the group that preserves the vector cross product
is precisely G2. A more detailed account of the relationship between octonions and G2 can be
found in [1, 10].The structure constants of the vector cross product define a 3-form on R7, hence
G2 can alternatively be defined as the subgroup of GL (7,R) that preserves a particular 3-form
[18]. In general, given an n-dimensional manifoldM , a G-structure on M for some Lie subgroup
G of GL (n,R) is a reduction of the frame bundle F overM to a principal subbundle P with fibre
G. A G2-structure is then a reduction of the frame bundle on a 7-dimensional manifold M to a
G2 principal subbundle. It turns out that there is a 1-1 correspondence between G2-structures
on a 7-manifold and smooth 3-forms ϕ for which the 7-form-valued bilinear form Bϕ as defined
by (2.1) is positive definite (for more details, see [2] and the arXiv version of [17]).
Bϕ (u, v) =
1
6
(uyϕ) ∧ (vyϕ) ∧ ϕ (2.1)
Here the symbol y denotes contraction of a vector with the differential form:
(uyϕ)mn = u
aϕamn.
Note that we will also use this symbol for contractions of differential forms using the metric.
A smooth 3-form ϕ is said to be positive if Bϕ is the tensor product of a positive-definite
bilinear form and a nowhere-vanishing 7-form. In this case, it defines a unique metric gϕ and
volume form vol such that for vectors u and v, the following holds
gϕ (u, v) vol =
1
6
(uyϕ) ∧ (vyϕ) ∧ ϕ (2.2)
In components we can rewrite this as
(gϕ)ab = (det s)
− 1
9 sab where sab =
1
144
ϕamnϕbpqϕrstεˆ
mnpqrst. (2.3)
Here εˆmnpqrst is the alternating symbol with εˆ12...7 = +1. Following Joyce ([18]), we will adopt
the following definition
Definition 2.1 Let M be an oriented 7-manifold. The pair (ϕ, g) for a positive 3-form ϕ and
corresponding metric g defined by (2.2) will be referred to as a G2-structure.
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Since aG2-structure defines a metric and an orientation, it also defines a Hodge star. Thus we
can construct another G2-invariant object - the 4-form ∗ϕ. Since the Hodge star is defined by the
metric, which in turn is defined by ϕ, the 4-form ∗ϕ depends non-linearly on ϕ. For convenience
we will usually denote ∗ϕ by ψ. We can also write down various contraction identities for a
G2-structure (ϕ, g) and its corresponding 4-form ψ [3, 13, 20].
Proposition 2.2 The 3-form ϕ and the corresponding 4-form ψ satisfy the following identities:
ϕabcϕ
c
mn = gamgbn − gangbm + ψabmn (2.4a)
ϕabcψ
c
mnp = 3
(
ga[mϕnp]b − gb[mϕnp]a
)
(2.4b)
ψabcdψ
mnpq = 24δ[ma δ
n
b δ
p
cδ
q]
d + 72ψ
[mn
[ab δ
p
cδ
q]
d] − 16ϕ[abcϕ[mnpδ
q]
d] (2.4c)
where [m n p] denotes antisymmetrization of indices and δba is the Kronecker delta, with δ
a
b = 1
if a = b and 0 otherwise.
The above identities can be of course further contracted - the details can be found in [13, 20].
These identities and their contractions are crucial whenever any tensorial calculations involving
ϕ and ψ have to be done.
For a general G-structure, the spaces of p-forms decompose according to irreducible repre-
sentations of G. Given a G2-structure, 2-forms split as Λ
2 = Λ27 ⊕ Λ214, where
Λ27 = {αyϕ: for a vector field α}
and
Λ214 =
{
ω ∈ Λ2: (ωab) ∈ g2
}
=
{
ω ∈ Λ2: ωyϕ = 0} .
The 3-forms split as Λ3 = Λ31 ⊕ Λ37 ⊕ Λ327, where the one-dimensional component consists of
forms proportional to ϕ, forms in the 7-dimensional component are defined by a vector field
Λ37 = {αyψ: for a vector field α}, and forms in the 27-dimensional component are defined by
traceless, symmetric matrices:
Λ327 =
{
χ ∈ Λ3 : χabc = iϕ (h) = hd[aϕbc]d for hab traceless, symmetric
}
. (2.5)
By Hodge duality, similar decompositions exist for Λ4 and Λ5. In particular, we can define the
Λ427 component as
Λ427 =
{
χ ∈ Λ4 : χabcd = ∗iϕ (h) = −
4
3
he[aψ|e|bcd] for hab traceless, symmetric
}
. (2.6)
A detailed description of these representations is given in [2, 3]. Also, formulae for projections
of differential forms onto the various components are derived in detail in [11, 13, 20]. Note that
it is sometimes convenient to consider the 1 and 27-dimensional components together - then in
(2.5) and (2.6) we simply drop the condition for h to be traceless. The only difference is that
for an arbitrary symmetric h,
(∗iϕ (h))abcd = −
4
3
he[aψ|e|bcd] +
1
3
(Trh)ψabcd (2.7)
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Also define the operators pi1, pi7, pi14 and pi27 to be the projections of differential forms onto
the corresponding representations. Sometimes we will also use pi1⊕27 to denote the projection
of 3-forms or 4-forms into Λ31 ⊕ Λ327 or Λ41 ⊕ Λ427 respectively. For convenience, when writing
out projections of forms, we will sometimes just give the vector that defines the 7-dimensional
component, the function that defines the 1-dimensional component or the symmetric 2-tensor
that defines the 1⊕ 27 component whenever there is no ambiguity. For instance,
pi1 (fϕ) = f pi1 (fψ) = f
pi7 (Xyϕ)
a = Xa pi7 (Xyψ)
a = Xa pi7 (X ∧ ϕ)a = Xa
pi1⊕27 (iϕ (h))ab = hab pi1⊕27 (∗iϕ (h))ab = hab
(2.8)
The intrinsic torsion of a G2-structure is defined by ∇ϕ, where ∇ is the Levi-Civita con-
nection for the metric g that is defined by ϕ. Following [20], it is easy to see
∇ϕ ∈ Λ17 ⊗ Λ37 ∼=W. (2.9)
Here we define W as the space Λ17 ⊗ Λ37. Given (2.9), we can write
∇aϕbcd = T ea ψebcd (2.10)
where Tab is the full torsion tensor. Similarly, we can also write
∇aψbcde = −4Ta[bϕcde] (2.11)
We can also invert (2.10) to get an explicit expression for T
T ma =
1
24
(∇aϕbcd)ψmbcd. (2.12)
This 2-tensor fully defines ∇ϕ since pointwise, it has 49 components and the space W is also
49-dimensional (pointwise). In general we can split Tab according to representations of G2 into
torsion components:
T = τ1g + τ7yϕ+ τ14 + τ27 (2.13)
where τ1 is a function, and gives the 1 component of T . We also have τ 7, which is a 1-form
and hence gives the 7 component, and, τ14 ∈ Λ214 gives the 14 component and τ27 is traceless
symmetric, giving the 27 component. Hence we can split W as
W =W1 ⊕W7 ⊕W14 ⊕W27. (2.14)
As it was originally shown by Ferna´ndez and Gray [8], there are in fact a total of 16 torsion
classes of G2-structures that arise as the G2-invariant subspaces of W to which ∇ϕ belongs.
Moreover, as shown in [20], the torsion components τ i relate directly to the expression for dϕ
and dψ. In fact, in our notation,
dϕ = 4τ 1ψ − 3τ7 ∧ ϕ− 3 ∗ iϕ (τ27) (2.15a)
dψ = −4τ 7 ∧ ψ − 2 ∗ τ14. (2.15b)
Note that in the literature ([3, 6], for example) a slightly different convention for torsion com-
ponents is sometimes used. Our τ1 then corresponds to
1
4τ0, τ7 corresponds to −τ1 in their
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notation, iϕ (τ27) corresponds to −13τ3 and τ14 corresponds to 12τ2. Similarly, our torsion classes
W1 ⊕W7 ⊕W14 ⊕W27 correspond to W0 ⊕W1 ⊕W2 ⊕W3.
An important special case is when the G2-structure is said to be torsion-free, that is, T = 0.
This is equivalent to ∇ϕ = 0 and also equivalent, by Ferna´ndez and Gray, to dϕ = dψ = 0.
Moreover, a G2-structure is torsion-free if and only if the holonomy of the corresponding metric
is contained in G2 [18]. The holonomy group is then precisely equal to G2 if and only if the
fundamental group pi1 is finite.
If dϕ = 0, then we say ϕ defines a closed G2-structure. Each of the torsion components in
(2.15a) has to vanish separately, so τ1, τ7 and τ27 are all zero, and the only non-zero torsion
component remaining is τ14. This class of G2-structures has been important in the study of
Laplacian flows of ϕ [3, 4, 25]. If instead, dψ = 0, then we say that we have a co-closed G2-
structure. In this case, τ7 and τ14 vanish in (2.15b) and we are left with τ1 and τ27 components.
In particular, the torsion tensor Tab is now symmetric. In this paper we will mostly be concerned
with co-closed G2-structures.
We will also require a number of differential identities for differential forms on manifolds
with a co-closed G2-structure. In many ways this is the explicit version of Bryant’s exterior
derivative identities [3], but these identities will be useful for us later on. The projections are
defined as in (2.8).
Throughout the paper we will be using the following notation. Given a p-form ω, the rough
Laplacian is defined by
∇2ω = gab∇a∇bω = −∇∗∇ω. (2.16)
For a vector field X, define the divergence of X as
divX = ∇aXa (2.17)
This operator can be extended to a symmetric 2-tensor h
(div h)b = ∇ahab (2.18)
Also, for a vector X, we can use the G2-structure 3-form ϕ to define a “curl” operator, similar
to the standard one on R3:
(curlX)a = (∇bXc)ϕabc (2.19)
This curl operator can then also be extended to 2-tensor. Given a 2-tensor βab,
(curlβ)ab = (∇mβan)ϕ mnb (2.20)
From the context it will be clear whether the curl operator is applied to a vector or a 2-tensor.
Note that when βab is symmetric, curlw is traceless. As in [9], we can also use the G2-structure
3-form to define a product α ◦ β of two 2-tensors α and β
(α ◦ β)ab = ϕamnϕbpqαmpβnq (2.21)
While the product in (2.21) can be defined for any 2-tensors on a manifold with a G2-structure,
for us it will be most useful when restricted to symmetric tensors. It is then easy to see that
(2.21) defines a commutative product on the space of symmetric 2-tensors. It is however non-
associative, and so defines a non-trivial non-associative algebra on symmetric 2-tensors. For
convenience, we will define a standard inner product on symmetric 2-tensors
〈α, β〉 = αabβmngamgbn (2.22)
6
Proposition 2.3 Suppose we have a co-closed G2-structure on a manifold M with 3-form ϕ
and dual 4-form ψ. Let χ ∈ Λ3 be given by
χ = Xyψ + 3iϕ (h) (2.23)
then, the co-differential d∗χ is given by
(d∗χ)bc = − ((div h)yϕ)bc − 2 (curlh)[bc] +∇mXnψmnbc (2.24a)
− (TrT )Xaϕabc + TmnXnϕmbc + 2XmTn[bϕmnc] − Tmnhnpψmnbc
(pi7d
∗χ)a =
2
3
(
(curlX)a − (div h)a −
1
2
∇aTrh (2.24b)
−XaTrT + TabXb − ϕabcT bdhdc
)
The type decomposition of the exterior derivative dχ is
pi1dχ =
4
7
(
divX +
1
2
TrT Trh− 1
2
Tabh
ab
)
(2.25a)
(pi7dχ)a =
1
2
(
∇aTrh− (div h)a − (curlX)a − 2TabXb
)
(2.25b)
(pi1⊕27dχ)ab = 3
(
−∇(aXb) + (curlh)(ab) +
1
3
(divX) gab (2.25c)
+
1
2
(T ◦ h)ab + Tm(ah mb) −
1
2
(Trh)Tab
−1
2
(TrT ) hab − 1
6
gab (TrT ) (Trh) +
1
6
〈h, T 〉 gab
)
Also, up to the lower order terms involving the torsion, the Λ31 and Λ
3
7 components of dd
∗χ are
given by
pi1dd
∗χ = −2
7
(
div (div h) +
1
2
∇2Trh
)
+ l.o.t. (2.26a)
(pi7dd
∗χ)a =
1
2
(∇a (divX)−∇2Xa − curl (div h)a)+ l.o.t. (2.26b)
Similarly, up to the lower order terms, the Λ31 and Λ
3
7 components of d
∗dχ are given by
pi1d
∗dχ =
2
7
(
div (div h)−∇2 Trh)+ l.o.t. (2.27a)
(pi7d
∗dχ)a =
1
2
(
curl (div h)a −∇a (divX)−∇2Xa
)
+ l.o.t. (2.27b)
.
Proof. These identities are found just by manipulating G2 representation components using
contraction identities between ϕ and ψ. For the second order identities in order to isolate the
highest order terms we note that pi7 (Riem) and the Ricci tensor are expressed solely in terms
of the full torsion tensor [20].
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3 Deformations of ψ
Usually deformations of a G2-structure are done via deformations of the 3-form ϕ, and from
that deformations of associated quantities - g, ψ and the torsion are calculated. In particular,
infinitesimal deformations of all these quantities have been written down in [20], while the general
non-infinitesimal expression were derived in [11]. Since we will be considering a flow of ψ, we
need to re-derive all the infinitesimal results from [20] using a deformation of ψ as a starting
point. Let (ϕ, g) be a G2-structure. Using the metric, define ψ = ∗ϕ. Suppose χ ∈ Λ3, then
∗χ ∈ Λ4. Consider a deformation of the G2-structure via a deformation of ψ:
ψ −→ ψ˜ = ψ + ∗χ (3.1)
Assuming ψ˜ remains a positive 4-form, it defines a new G2-structure (ϕ˜, g˜). The 3-form ϕ˜ is
given by:
ϕ˜abc = ∗˜ (ψ + ∗χ)abc
=
1
3!
1√
det g˜
εˆmnpqrst
(
ψqrst + ∗χqrst
)
g˜mag˜nbg˜pc
=
(
det g
det g˜
) 1
2
(ϕmnp + χmnp) g˜mag˜nbg˜pc (3.2)
In particular,
ϕ˜a˜b˜c˜ =
(
det g
det g˜
)1
2
(ϕmnp + χmnp) (3.3)
where the raised indices with tildes are raised with the new inverse metric g˜−1. The new metric
can be found via the following identity. For any G2-structure (ϕ, g), from (2.4) we find that
ψamnpψbqrsϕ
mnqϕprs = 16ϕ qap ϕ
p
bq = −96gab
Therefore for the G2-structure (ϕ˜, g˜), we have
g˜ab = − 1
96
ψ˜amnpψ˜bqrsϕ˜
mnqϕ˜prs
= − 1
96
(
det g
det g˜
)(
ψamnp + ∗χamnp
) (
ψbqrs + ∗χbqrs
)
(ϕmnq + χmnq) (ϕprs + χprs)(3.4)
Without the determinant factor, this is a 4th order expression in χ. We can also obtain an
expression for the inverse metric. Again, from (2.4), we have
ϕamnϕbpqψmnpq = 4ϕ
amnϕb mn = 24g
ab
Therefore for (ϕ˜, g˜), we have
g˜a˜b˜ =
1
24
ϕ˜a˜m˜n˜ϕ˜b˜p˜q˜ψ˜mnpq
=
1
24
(
det g
det g˜
)
(ϕamn + χamn)
(
ϕbpq + χbpq
) (
ψmnpq + ∗χmnpq
)
(3.5)
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Suppose now χ is given by
χ = Xyψ + 3iϕ (h) (3.6)
where v is vector and h is a symmetric 2-tensor. Also suppose that we have a one-parameter
family ψ (t) given by
d
dt
ψ = ∗χ (3.7)
= −X ∧ ϕ+ 3 ∗ iϕ (h) (3.8)
Then the evolution of 3-form, metric, the inverse metric and the volume form is given in the
following Proposition.
Proposition 3.1 Under the flow (3.7), the evolution of related objects is given by:
d
dt
√
det g =
3
4
(Trh)
√
det g (3.9a)
d
dt
gab =
1
2
(Trh) gab − 2hab (3.9b)
d
dt
gab = −1
2
(Trh) gab + 2hab (3.9c)
d
dt
ϕ =
3
4
pi1χ+ pi7χ− pi27χ (3.9d)
=
3
4
(Trh)ϕ+ vyψ − 3iϕ (h)
Proof. From (3.4) we find that under the flow (3.7), g (t) is given by
gab (t) = − 1
96
(
det g
det (g (t))
)(
ψamnp + t ∗ χamnp
) (
ψbqrs + t ∗ χbqrs
)
(3.10)
× (ϕmnq + tχmnq) (ϕprs + tχprs) +O (t2)
where g (0) = g. Now let us find ddt
∣∣
t=0
g (t):
d
dt
∣∣∣∣
t=0
g (t)ab =
(
d
dt
∣∣∣∣
t=0
(det g (t))−1
)(
−det g
96
)
ψamnpψbqrsϕ
mnqϕprs
− 1
96
∗ χamnpψbqrsϕmnqϕprs −
1
96
∗ χbqrsψamnpϕmnqϕprs
− 1
96
ψamnpψbqrsχ
mnqϕprs − 1
96
ψamnpψbqrsϕ
mnqχprs
= −gab (det g)−1
(
d
dt
∣∣∣∣
t=0
det g (t)
)
− 1
24
χamnpϕ
mnqϕ
p
bq (3.11)
− 1
24
∗ χbqrsϕ qap ϕprs −
1
24
ψamnpϕ
p
bq χ
mnq
− 1
24
ϕ qap ψbqrsχ
prs
where we have used a contracted version of the identity (2.4b). Now if we substitute (3.6) into
(3.11), and simplify further using the identities (2.4), we will find that
d
dt
∣∣∣∣
t=0
g (t)ab = − (det g)−1
(
d
dt
∣∣∣∣
t=0
det g (t)
)
gab + 2 (Trh) gab − 2hab (3.12a)
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and similarly, for the inverse metric,
d
dt
∣∣∣∣
t=0
g (t)ab = − (det g)−1
(
d
dt
∣∣∣∣
t=0
det g (t)
)
gab + (Trh) gab + 2hab (3.12b)
. Now however, using the fact that the derivative of a determinant gives the trace, we get that(
d
dt
∣∣∣∣
t=0
det g (t)
)
= det g
(
gab
d
dt
∣∣∣∣
t=0
g (t)ab
)
= −7
(
d
dt
∣∣∣∣
t=0
det g (t)
)
+ 12det gTrh
Hence, (
d
dt
∣∣∣∣
t=0
det g (t)
)
=
3
2
det gTrh (3.13)
Therefore, substituting this into (3.12) we obtain (3.9b) and (3.9c). Also, from (3.13) we imme-
diately obtain the expression for ddt
√
det g (3.9a). Now to compute ddtϕ, we first find from (3.2)
that under the flow (3.7)
ϕ (t)abc =
(
det g
det g (t)
)1
2
(ϕmnp + tχmnp) g (t)ma g (t)nb g (t)pc +O
(
t2
)
Hence,
d
dt
∣∣∣∣
t=0
ϕ (t)abc = −
1
2
(det g)−1
(
d
dt
∣∣∣∣
t=0
det g (t)
)
ϕabc
+χabc + 3
d
dt
∣∣∣∣
t=0
g (t)m[a ϕ
m
bc]
=
3
4
(Trh)ϕabc + χabc + 3iϕ
(
1
2
(Trh) g − 2h
)
abc
(3.14)
This can be rewritten as
d
dt
∣∣∣∣
t=0
ϕ (t) =
3
4
(Trh)ϕ+Xyψ − 3iϕ (h)
=
3
4
pi1χ+ pi7χ− pi27χ
and thus we get (3.9d).
Now that we know how ϕ evolves, we can easily work out the evolution of the torsion tensor
Tab.
Proposition 3.2 The evolution of the torsion tensor Tab under the flow (3.7) is given by
dTab
dt
=
1
4
(Trh)Tab − T ca hcb − T ca Xdϕdcb + (curlh)ab +∇aXb −
1
4
(∇cTrh)ϕcab (3.15)
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Proof. From [20] we infer that under a general evolution of ϕ given by
d
dt
ϕ = Xyψ + 3iϕ (s)
for some symmetric 2-tensor s, the evolution of the torsion tensor Tab is given by
dTab
dt
= T ca scb − T ca Xdϕdcb − (∇csda)ϕcdb +∇aXb
= T ca scb − T ca Xdϕdcb − (curl s)ab +∇aXb (3.16)
Note that compared with [20], some of the signs are different due to a different sign convention
for ψ, which also leads to a different sign for T and X. From (3.9d) we have that in our case,
s =
1
4
(Trh) g − h
Therefore, substituting this into (3.16) we get (3.15).
A key motivation for studying flows of closed G2-structures within a fixed cohomology class
of the 3-form ϕ was that a critical point of the volume functional (1.2) within the cohomology
class [ϕ] corresponds a torsion-free G2-structure. It is trivial to adapt Hitchin’s proof of this
fact [16] to co-closed G2-structures.
Proposition 3.3 Let M be a compact 7-manifold, and suppose the 4-form ψ defines a co-closed
G2-structure on M , so that dψ = 0. Let ϕ = ∗ψ be the corresponding 3-form. Define the volume
functional V
V (ψ) =
1
7
∫
M
ϕ ∧ ψ. (3.17)
Then ψ defines a torsion-free G2-structure if and only if it is a critical point of the functional
V restricted to the cohomology class [ψ] ∈ H4 (M,R).
Proof. Consider the variation of V :
δV
(
ψ˙
)
=
1
7
∫
M
ϕ˙ ∧ ψ + 1
7
∫
M
ϕ ∧ ψ˙
=
1
7
∫
M
(
3
4
pi1 ∗ ψ˙ + pi7 ∗ ψ˙ − pi27 ∗ ψ˙
)
∧ ψ
+
1
7
∫
M
ϕ ∧ ψ˙
=
1
4
∫
M
ϕ ∧ ψ˙ (3.18)
where we have used (3.9d). Now suppose ψ˙ = dη for some 3-form η, so that we vary in the same
cohomology class. Now
δV
(
ψ˙
)
=
1
4
∫
M
ϕ ∧ dη = 1
4
∫
dϕ ∧ η (3.19)
Thus δV = 0 for all η if and only if
dϕ = 0.
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Since we already have dψ = 0, this is satisfied if and only if the G2-structure is torsion-free.
In the arXiv version of [17], Hitchin has shown that critical points of the functional V (ϕ) on
3-forms are non-degenerate in the directions transverse to the action of the diffeomorphism group
Diff (M). Here we adapt the proof from [17] to show an analogous result for the functional
V (ψ) on 4-forms.
Proposition 3.4 Suppose the 4-form ψ defines a torsion-free G2-structure on a compact 7-
manifold M . Then the Hessian of the functional V (3.17) at ψ is non-degenerate transverse to
the action of Diff (M).
Proof. Since ψ defines a torsion-free G2-structure, it is a critical point of the functional V . Let
us consider infinitesimal deformations of ψ by an exact form dχ, for χ ∈ Λ3. Then, from (3.9d),
the deformation of the dual 3-form ϕ is given by
D (dχ) =
3
4
∗ pi1dχ+ ∗pi7dχ− ∗pi27dχ. (3.20)
Now, the tangent space of the orbit of Diff (M) consists of the forms LXψ where X is some
vector field. Suppose dχ = LXψ = d (Xyψ) for some vector field X. Then by diffeomorphism
invariance, we get that D (dχ) = LXϕ = d (Xyϕ) and hence ϕ remains closed along the orbits of
Diff (M). So now suppose that ψ is a critical point but which is degenerate in some direction
dχ which is transverse to orbits of Diff (M), that is, ψ remains torsion-free in the direction of
dχ. Hence for proof by contradiction, we have to show now that if dχ orthogonal to d (Xyϕ) for
any vector field X and d (D (dχ)) = 0, then dχ = 0.
If dχ is orthogonal to orbits of Diff (M) then for any vector field X,
0 =
∫
M
〈dχ,LXψ〉 vol =
∫
M
〈dχ, d (Xyψ)〉 vol
=
∫
M
〈d∗dχ,Xyψ〉 vol (3.21)
where 〈·, ·〉 is the standard inner product with respect to the metric g defined by the G2-structure
on M . Since (3.21) is true for any X, this means that
pi7d
∗dχ = 0. (3.22)
Now from the Hodge Theorem, we can write χ as
χ = H (χ) + dGd∗χ+ d∗Gdχ (3.23)
where H (χ) gives the harmonic part and G is the Green’s operator for the Hodge Laplacian. An
important property of G is that it commutes with d, d∗ and the projections onto representation
components. Then we have
dχ = dd∗Gdχ = dGd∗dχ
However, from (3.22),
pi7Gd
∗dχ = 0.
So, we can say that dχ = dη for η = Gd∗dχ ∈ Λ31 ⊕ Λ327, and moreover
d∗η = 0 (3.24)
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hence we can assume that χ ∈ Λ31 ⊕ Λ327 and d∗χ = 0. In particular, pi7d∗χ = 0. Then if we
suppose χ is given by χ = 3iϕ (h), from Proposition 2.3 we get that
(div h)a = −
1
2
∇aTrh
and therefore, from (2.25),
pi7dχ =
3
4
dTr (h) ∧ ϕ
= d
(
3
4
(Trh)ϕ
)
(3.25)
Moreover, since χ ∈ Λ31 ⊕ Λ327, from (2.25) we have that
pi1dχ = 0.
Thus from the condition d (D (dχ)) = 0 we have
d∗dχ− 2d∗pi7dχ = 0 (3.26)
Now note that
∆pi7dχ = dd
∗pi7dχ+ d
∗dpi7dχ
= dd∗pi7dχ
since pi7dχ is exact. Hence by applying the exterior derivative to (3.26), we find that
∆dχ− 2∆pi7dχ = 0
However the Hodge Laplacian of a torsion-free G2-structure commutes with the component
projections and we recover
pi27∆dχ− pi7∆dχ = 0.
Each of the components must vanish individually, and so
∆dχ = 0
and thus dχ = 0 as required.
4 Laplacian of ψ
Let us now look at the properties of ∆ψ. For now consider a generic G2-structure, so that
∆ψ = dd∗ψ + d∗dψ
Note that since ψ = ∗ϕ, we have
∆ψ = ∗∆ϕ
so in particular, for the type decomposition of ∆ψ it is enough to look at ∆ϕ.
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Proposition 4.1 Suppose ϕ defines a G2-structure. Then ∆ϕ has the following type decompo-
sition.
pi1∆ϕ =
2
7
(
−2Tr (curlT ) + 2Tr (T tT )+ (TrT )2 − Tr (T 2)− TabTcdψabcd)ϕ (4.1a)
pi7∆ϕ =
(
− div T + T abT caϕebc + (TrT )Tabϕabe
)
yψ (4.1b)
pi27∆ϕ = iϕ
(
−3
7
Tr (curlT ) gde − 3
(
curlT t
)
(de)
− 3ψabc(dT|abTc|e) (4.1c)
+
3
14
(
(TrT )2 − Tr (T 2)− TabTcdψabcd + 2Tr (T tT )+ 7ψmnpqTmnT pq) gde
−3 (T ◦ T )(de) − 3ψabc(dT|ab|Te)c − 3T adTae
)
Proof. This is a straightforward, but rather long calculation. We first expand ∆ϕ in terms of
the covariant derivative
(∆ϕ)abc = (dd
∗ϕ+ d∗dϕ)abc
= −3∇[a∇dϕ|d|bc] − 4∇d∇[dϕabc]
and then apply the formula for the covariant derivative of ϕ in terms of Tab (2.10). This gives
(∆ϕ)abc = −3∇[a
(
T deψ|ed|bc]
)
− 4∇d
(
T e[d ψ|e|abc]
)
.
Now, expanding further, and applying (2.11), we get a full expression for ∆ϕ in terms of T and its
derivatives. This can then be projected onto the components of Λ3 to obtain the decomposition
(4.1).
Definition 4.2 Given a differential operator P , denote by DϕP (χ) its linearization at ϕ, eval-
uated at χ:
DϕP (χ) = lim
t−→0
(
P (ϕ+ tχ)− P (ϕ)
t
)
Proposition 4.3 Consider a non-linear differential operator Pϕ, which is defined by ϕ, acting
on the G2-structure ϕ, given to leading order by
pi7 (Pϕϕ)a = − (div T )a + l.o.t (4.2)
pi1⊕27 (Pϕϕ)ab = a27
(
curlT t
)
(ab)
+ b27 (curlT )(ab) + a1 Tr (curlT ) gab + l.o.t. (4.3)
for some constants a27, b27 and a1. Then the linearization of Pϕ at ϕ is given by
pi7 (DϕPϕ) (χ)b = curl (div h)b −∇2Xb + l.o.t (4.4)
pi1⊕27 (DϕPϕ) (χ)de = a27
(
−∇a∇mhnbϕmn(dϕabe)
)
(4.5)
+b27
(
∇2hde −∇(d (div h) e) +
(
∇a∇(dX|b|
)
ϕabe)
)
+a1
(∇2 (Trh)− div (div h)) gde + l.o.t.
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Proof. Suppose
ϕ˙ = χ = Xaψamnp + 3h
a
[mϕnp]a
then from [20] we know that
g˙ab = 2hab
g˙ab = −2hab
and similarly as in (3.16),
T˙ab = T
c
a hcb − T ca Xdϕdcb − (curlh)ab +∇aXb.
Then consider the linearization of P at ϕ
pi7 (DPϕ) (χ) = div (curlh)b −∇2Xb + l.o.t. (4.6)
Note however, that
div (curlh)b = ∇a ((∇mhan)ϕ mnb )
= (∇a∇mhan)ϕ mnb + l.o.t.
= ∇m ((div h)n)ϕ mnb − (Rcaamhcn +Rcnamhan)ϕ nmb + l.o.t.
= curl (div h)b + l.o.t.
where we have used the Ricci identity for the Riemann tensor in the second to last line. Hence,
(4.6) gives us (4.4). Now let us look at the pi1⊕27 component. Substituting T˙ into (4.3) we get
pi1⊕27 (DPϕ) (χ) = a27
(
−∇a∇mhnbϕmn(dϕabe) +∇m∇nX(dϕmne)
)
+a1
(
∇a∇mhnbϕmnpϕabp +∇a∇bXcϕabc
)
gde
+b27
(
−∇a∇mhn(dϕmn|b|ϕabe) +∇a∇(dX|b|ϕabe)
)
+ l.o.t.
= a27
(
−∇a∇mhnbϕmn(dϕabe)
)
+b27
(
∇2hde −∇a∇(dhae) +
(
∇a∇(dX|b|
)
ϕabe)
)
+a1
(
∇2 (Trh)−∇a∇bhab
)
gde + l.o.t.
Using the Ricci identity again to switch the order of the derivatives in the b27 term, we get (4.5).
Note that the Laplacian of a general G2-structure ϕ is given by the above operator P with
a1 = −37 , a27 = −3 and b27 = 0. As an example, consider the well-studied case of the Laplacian
∆ϕ of the closed 3-form ϕ. In this case, since ϕ is closed, T = τ14 only has a component in the
14-dimensional representation, and is hence anti-symmetric. Moreover, it is a known fact (see
e.g. [11]), that in this case
d∗τ14 = 0 (4.7)
and hence the highest order term div T in (4.1b) vanishes. Moreover, since τ14 ∈ Λ214, we also
have (τ14)ab ϕ
abc = 0 (i.e. the projection to Λ27 vanishes). Thus the leading order term Tr (curlT )
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in (4.1a) becomes:
Tr (curlT ) = − (∇aTbc)ϕabc
= −∇a
(
(τ14)bc ϕ
abc
)
+ (τ 14)bc∇aϕabc
= − (τ14)bc (τ14)ea ψeabc
= 2 (τ14)bc (τ14)
bc
where we have used the identity
ωabψ
ab
cd = −2ωcd (4.8)
for any ω ∈ Λ214. Overall, after similarly simplifying other terms, we obtain
pi1∆ϕϕ =
2
7
(τ14)ab (τ14)
ab (4.9a)
pi7∆ϕϕ = 0 (4.9b)
pi27∆ϕϕ = 3curl (τ14)(ad) −
9
7
gad (τ14)bc (τ14)
bc + 3 (τ14)
b
a (τ14)bd (4.9c)
Thus comparing the highest order terms we find that ∆ϕ in this case corresponds to the operator
P in Proposition 4.3 with a1 = a27 = 0 and b27 = 3. Hence, from Proposition 4.3 we get the
linearization:
pi7 (Dϕ∆ϕ) (χ) = 0 (4.10)
pi1⊕27 (Dϕ∆ϕ) (χ) = 3
(
∇2hde −∇(d (div h)e) +∇(d (curlX)e)
)
+ l.o.t. (4.11)
Let us now assume that χ is closed, and is of the form χ = Xyψ+3iϕ (h). Then from Proposition
2.3, we know the type decomposition of dχ and d∗dχ up to torsion terms. Since all of these
components have to be zero, we have the following relations
0 = ∇a (divX) + l.o.t. (4.12a)
0 = ∇aTrh− (div h)a − (curlX)a + l.o.t. (4.12b)
0 = ∇2 Trh− div (div h) + l.o.t. (4.12c)
0 = ∇2Xa − (curl (div h))a + l.o.t. (4.12d)
Also note for a vector field v, we have
d (vyϕ)abc = 3∇[a
(
vdϕbc]d
)
= 3
(
∇[avd
)
ϕbc]d + l.o.t.
Then, the symmetric part of ∇v simply gives the Λ31 ⊕ Λ327 component of d (vyϕ), and the Λ27
part of ∇v gives rise to the Λ37 component of d (vyϕ). In fact, using identities in [20], this can
be re-written as
d (vyϕ) =
1
2
(curl v)yψ + 3iϕ
(∇(mvn))+ l.o.t. (4.13)
Now let Y = ∇Trh and Z = curlX. Then, from (4.13), we get
pi7d (Y yϕ)a =
1
2
∇m (∇n Trh)ϕmna = l.o.t. (4.14)
pi1⊕27d (Y yϕ)ab = 3
(∇(a∇b)Trh)
= 3
((
∇(a∇mXn
)
ϕmnb) +∇(a∇|r|hrb)
)
+ l.o.t. (4.15)
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where we have applied (4.12b) for the second relation. Similarly, we find that
pi7d (Zyϕ)p =
1
2
(∇d∇aXb)ϕabeϕdep + l.o.t.
=
1
2
(∇d∇aXb)
(
−gadgdp + gapgbd − ψabdp
)
+ l.o.t.
= −1
2
∇2Xp + 1
2
∇p
(
∇bXb
)
+
1
2
RicpbX
b + l.o.t.
= −1
2
∇2Xp + l.o.t. (4.16)
pi1⊕27d (Zyϕ) = 3iϕ
((∇(d∇|aXb|)ϕabe))+ l.o.t. (4.17)
where for the first relation we have used (2.4a) to contract the ϕ terms, and then used (4.12a)
and the fact that the Ricci tensor depends only on the torsion.
Now note that
2d (Zyϕ)− d (Y yϕ) = − (∇2X)yψ + 3iϕ (−∇(d∇|r|hre) + (∇(d∇|aXb|)ϕabe))+ l.o.t. (4.18)
So in fact,
Dϕ∆ϕ (χ) =
(∇2X)yψ + 3iϕ (∇2hde)+ 2d (Zyϕ)− d (Y yϕ) + l.o.t. (4.19)
It is easy to see that for any 3-form χ,
∆ϕχ = −
(∇2X)yψ − 3iϕ (∇2hde)+ l.o.t. (4.20)
Since χ is closed, ∆ϕχ is exact, so the lower order terms in (4.19) are exact, so we rewrite them
as an exterior derivative of some 2-form valued algebraic function of χ. Thus from (4.19) we
conclude that
Dϕ∆ϕ (χ) = −∆ϕχ+ 2d (Zyϕ)− d (Y yϕ) + dF (χ) (4.21)
Hence we have derived the same result as in [4, 25]:
Proposition 4.4 ([4, 25]) If ϕ is a closed G2-structure, then the linearization of the Laplacian
∆ϕ at ϕ, evaluated at a closed form χ is given by
Dϕ∆ϕ (χ) = −∆ϕχ− LVχϕ+ dF (χ) (4.22)
where Vϕ = −2 curlX +∇Trh and F (χ) is a 2-form valued algebraic function of χ.
The representation of Dϕ∆ϕ (χ) as (4.22) shows us that we can apply the DeTurck trick -
adding LVϕϕ to (4.22) gives a flow that is elliptic in the direction of closed forms. In [4, 25]
this is then used to show short-time existence and uniqueness for the Laplacian flow for 3-forms
(1.1).
Now let us consider the Laplacian of ϕ for a co-closed G2-structure. In this case, Tab is now
symmetric. We can now write
dϕ = 3 ∗ iϕ
(
−T + 1
3
(TrT ) g
)
. (4.23)
From the condition d2ϕ = 0, or equivalently, (d∗)2 ψ = 0, the torsion T satisfies certain Bianchi-
type identities.
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Lemma 4.5 Suppose ϕ is a co-closed G2-structure. Then the torsion tensor T satisfies the
following identities
div T = ∇TrT (4.24)
(curlT )[ab] = 0 (4.25)
Proof. We have the condition that d∗
(
3iϕ
(−T + 13 (TrT ) g)) = 0. Set h = −T + 13 (TrT ) g
and X = 0 in Proposition 2.3. Then from (2.24b), we get (4.24) and (4.25) then follows from
(2.24a).
Proposition 4.6 Suppose ϕ is a co-closed G2-structure, then the type decomposition of ∆ϕϕ is
given by
pi1∆ϕϕ =
2
7
|T |2 + 2
7
(TrT )2 (4.26a)
(pi7∆ϕϕ) = − div T = −∇Tr (T ) (4.26b)
(pi27∆ϕϕ)ad = −3 (curlT )ad −
3
2
(T ◦ T )ad − 3TabT bd (4.26c)
+
3
14
gad |T |2 + 3
14
gad (TrT )
2
Proof. We obtain this directly from (4.1) by using the fact that T is symmetric and also
applying identity (4.24). Note that from (4.25) it follows that the symmetric part of curlT is
actually equal to curlT .
Now suppose we have the flow
dψ
dt
= ∆ψψ = ∗ϕ∆ϕϕ. (4.27)
Then from (4.26),
∆ψψ = dTr (T ) ∧ ϕ+
(
2
7
|T |2 + 2
7
(TrT )2
)
ψ
+3 ∗ iϕ
(
− (curlT )ad −
1
2
(T ◦ T )ad − TabT bd
+
1
14
gad |T |2 + 1
14
gad (TrT )
2
)
= dTr (T ) ∧ ϕ (4.28)
+3 ∗ iϕ
(
− (curlT )ad −
1
2
(T ◦ T )ad − TabT bd
+
1
6
gad |T |2 + 1
6
gad (TrT )
2
)
The corresponding evolution of the metric now follows from Proposition 3.1 - in this case,
had = − (curlT )ad −
1
2
(T ◦ T )ad − TabT bd +
1
6
gad |T |2 + 1
6
gad (TrT )
2
Trh =
2
3
(
|T |2 + (TrT )2
)
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hence the evolution of the metric becomes
d
dt
gab =
1
2
(Trh) gab − 2hab
= 2 (curlT )ab + (T ◦ T )ab + 2TacT cb (4.29)
Note that for a co-closed G2, the Ricci curvature is given by
Rad = − (curlT )ad − TabT bd + (TrT )Tad. (4.30)
The details can be found in [11, 20]. Hence we can rewrite (4.29) as
d
dt
gab = −2Rab + (T ◦ T )ab + 2 (TrT )Tad. (4.31)
Therefore, same as for the Laplacian flow of the 3-form ϕ [3], the leading term of the metric flow
corresponds to the Ricci flow. Also, the evolution of the volume form under this flow is given
by
d
dt
√
det g =
1
2
(
|T |2 + (TrT )2
)√
det g (4.32)
For non-trivial torsion this is always positive and is zero if and only if T = 0. Hence the
volume functional V (3.17) grows monotonically along the flow (4.27), with an extremum being
reached along a flow line if and only if the torsion vanishes. We have already seen in Proposition
3.3 that it is generally true that torsion-free G2-structures correspond to critical points of V
when restricted to a fixed cohomology class of ϕ. The Laplacian flow of ϕ (1.1) shares this
property. As shown in [3], the volume form grows monotonically along the flow (1.1) and in
[4], it was interpreted as the gradient flow of the volume functional with respect to an unusual
metric. Similarly, we can do the same for (4.27). As in [4], define the following metric on
dC∞
(
M,Λ3 (M)
)
:
〈χ1, χ2〉ψ =
1
4
∫
M
Gψχ1 ∧ ∗χ2.
for any exact 4-forms χ1 and χ2. As before, Gψ is the Green’s operator for the Hodge Laplacian
∆ψ. From (3.19), we know that for an exact 4-form ψ˙, the deformation of V is given by
δV
(
ψ˙
)
=
1
4
∫
M
ψ˙ ∧ ϕ = 1
4
∫
M
∆ψGψψ˙ ∧ ϕ
=
1
4
∫
M
Gψψ˙ ∧ ∗∆ψψ
=
〈
ψ˙,∆ψψ
〉
ψ
Hence indeed, the gradient flow of V is given by (4.27).
Now consider the linearization of ∆ψψ.
Proposition 4.7 The linearization of ∆ψ at ψ is given by
pi7 (Dψ∆ψ) (χ) = d (divX) ∧ ϕ+ l.o.t. (4.33)
pi1⊕27 (Dψ∆ψ) (χ) = 3 ∗ iϕ
(
∇2hde −∇(d∇|a|hae) −
(
∇a∇(dX|b|
)
ϕabe) (4.34)
+
1
4
∇a∇dTrh− 1
4
(∇2Trh) gad
)
+ l.o.t.
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where χ is a 4-form given by
χ = ∗ (Xyψ + 3iϕ (h)) .
Moreover, if χ is a closed form, then the 1⊕ 27 component of Dψ∆ψ (χ) can written as
pi1⊕27 (Dψ∆ψ) (χ) =
3
2
∗ iϕ
(
∇2hde −∇(d∇|a|hae) −∇a∇(dX|b|ϕabe) (4.35)
−∇b∇mhcnϕbc(dϕmne)
)
+ l.o.t.
Proof. To find the linearization, we just take the decomposition of ∆ψψ (4.28) and use the
formula (3.15) for the variation of Tab. So we have
T˙ab =
1
4
(Trh)Tab − T ca hcb − T ca Xdϕdcb + (curlh)ab +∇aXb −
1
4
(∇cTrh)ϕcab (4.36)
Now,
pi7 (Dψ∆ψ) (χ) = d (divX) ∧ ϕ+ l.o.t.
pi1⊕27 (Dψ∆ψ) (χ) = 3 ∗ iϕ
(
−∇a∇mhn(dϕmn|b|ϕabe) −∇a∇(dX|b|ϕabe)
+
1
4
∇c (∇mTrh)ϕm(a|b|ϕ cbd)
)
+ l.o.t.
= 3 ∗ iϕ
(
∇2hde −∇(d∇|a|hae) −∇a∇(dX|b|ϕabe)
+
1
4
∇a∇dTrh− 1
4
(∇2Trh) gad
)
+ l.o.t.
where we have twice used the contraction identity (2.4a) in the last line.
To get the expression (4.35), note that when χ is closed, T˙ab is symmetric, since the torsion
class remains in W1 ⊕W27. Hence the antisymmetric part of (3.15) vanishes and we can write
T˙ab =
1
4
(Trh)Tab − T c(a hcb) − T c(a Xdϕb)dc + (curlh)(ab) +∇(aXb) (4.37)
It can been seen explicitly from Proposition 2.3 that the antisymmetric part of T˙ is equal pre-
cisely to ∗dχ, which is of course zero. Now plugging (4.37) into (4.28) we find that pi7 (Dψ∆ψ) (χ)
remains the same, and pi1⊕27 (Dψ∆ψ) (χ) becomes as in (4.35).
To see that this is not a positive operator, consider the principal symbol σξ (Dψ∆ψ) (χ) for
some vector ξ :
pi7σξ (Dψ∆ψ) (χ) = 〈X, ξ〉 ξ♭ ∧ ϕ
pi1⊕27σξ (Dψ∆ψ) (χ) = 3 ∗ iϕ
(
|ξ|2 hde − ξ(dξ|a|hae) − ξaξ(dX|b|ϕabe) +
1
4
ξaξd Trh
−1
4
|ξ|2 (Trh) gad
)
+ l.o.t.
Then, if h = 0, we have
〈σξ (Dψ∆ψ) (χ) , χ〉 = −4 〈X, ξ〉2 ≤ 0.
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We may attempt to use DeTurck’s trick to modify this operator by adding a certain Lie
derivative LV (χ)ψ to the flow (4.27), where V (χ) is linear in the first derivatives of χ, so that
the modified flow of ψ is now given by
dψ
dt
= ∆ψψ + LV (χ)ψ (4.38)
For convenience, denote
Qψψ = ∆ψψ + LV (χ)ψ. (4.39)
Since ψ is closed, we have
LV (χ)ψ = d (V (χ)yψ) .
Consider first the type decomposition of d (V (χ)yψ). From Proposition 2.3, we have
pi7d (V yψ) = −1
2
(curlV ) ∧ ϕ+ l.o.t. (4.40a)
pi1⊕27d (V yψ) = 3 ∗ iϕ
(
−∇(mVn) +
1
3
(div V ) gmn
)
+ l.o.t. (4.40b)
We are only interested in linearizing (4.39) in the direction of closed 4-forms, so suppose χ =
∗ (Xyψ + 3iϕ (h)) is closed, and hence ∗χ = Xyψ + 3iϕ (h) is co-closed. This requirement gives
a number of conditions on X and h. From Proposition 2.3 we then get the following
− ((div h)yϕ)bc − 2 (curlh)[bc] +∇mXnψmnbc = l.o.t. (4.41a)
(curlX)a − (div h)a −
1
2
∇aTrh = l.o.t. (4.41b)
The lower order terms in (4.41) are linear in X and h and depend only on the torsion. By
differentiating (4.42), we get the following relations:
div (div h) +
1
2
∇2 Trh = l.o.t. (4.42a)
∇(a (div h)b) +
1
2
∇a∇bTrh−
(
∇m∇(aX|n|
)
ϕmnb) = l.o.t. (4.42b)
∇a (divX)−∇2Xa − curl (div h)a = l.o.t. (4.42c)
Here, equation (4.42a) is obtained by taking the divergence of (4.41b). Equation (4.42b) is
obtained by taking the curl of (4.41a), and then symmetrizing. Similarly, equation (4.42c) is
obtained by taking the curl of (4.41b). In both cases the identities (2.4) are used to simplify
contractions of ϕ and ψ.
The only possible vector fields that are linear in covariant derivatives of X and h are
Y = ∇Trh (4.43)
W = div h (4.44)
Z = curlX (4.45)
However from (4.41b) we see that these vectors are linearly dependent up to lower order terms,
so it is sufficient to take a linear combination of any two of them. For convenience we will choose
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Y and Z. First consider d (Y yψ):
pi7d (Y yψ) =
(
−1
2
∇m∇n (Trh)ϕmna
)
∧ ϕ+ l.o.t. = l.o.t. (4.46a)
pi1⊕27d (Y yψ) = 3 ∗ iϕ
(
−∇m∇nTrh+ 1
3
∇2 (Trh) gmn
)
+ l.o.t. (4.46b)
Similarly, the decomposition of d (Zyψ) is
pi7d (Zyψ) =
(
−1
2
∇m∇cXdϕcdnϕmna
)
∧ ϕ+ l.o.t.
=
1
2
(∇2Xa −∇a (divX))+ l.o.t. (4.47a)
pi1⊕27d (Zyψ) = 3 ∗ iϕ
(
−∇m∇(aXnϕmnd)
)
+ l.o.t. (4.47b)
Again, we have used the contraction identity (2.4a) to get to the second line.
Hence, if we take
V =
3
4
Y − 2Z (4.48)
and apply (4.42b), we find that the linearization of Qψ is now given
pi7 (DψQψ) (χ) =
(−∇2X + 2d (divX)) ∧ ϕ+ l.o.t. (4.49a)
pi1⊕27 (DψQψ) (χ) = 3 ∗ iϕ
(∇2had)+ l.o.t. (4.49b)
For some vector ξ, consider the principal symbol σξ (DψQψ)χ, then
〈σξ (DψQψ)χ, χ〉 =
〈(
− |ξ|2X + 2ξ 〈ξ,X〉
)
∧ ϕ,−X ∧ ϕ
〉
+9
〈
iϕ
(
|ξ|2 had
)
, iϕ (had)
〉
= 4
(
|ξ|2 |X|2 − 2 〈ξ,X〉2
)
+ 2 |ξ|2 |h|2 (4.50)
Hence we see that the principal symbol is still indefinite, and so (4.38) is not parabolic. Note
that adding more instances of LZψ would not help. To see this, let σξ (d (Zyψ)) be the principal
symbol of d (Zyψ) for some vector ξ. Using (4.42c), we get
〈σξ (d (Zyψ)) , χ〉 = −2ξmξnhnpϕmpaXa − 2ξmξaXnϕmndhad = 0 (4.51)
Therefore, LZψ would not contribute in any way to (4.50). However, overall, we have shown
that we can rewrite the linearized operator ∆ψψ in the following way.
Proposition 4.8 The linearization of the operator ∆ψψ evaluated at a closed 4-form χ given
by
χ = ∗ (Xyψ + 3iϕ (h))
is given by
Dψ∆ψ (χ) = −∆ψχ− LV (χ)ψ + 2d ((divX)ϕ) + dF (χ) (4.52)
where
V (χ) =
3
4
∇Trh− 2 curlX (4.53)
and F (χ) is a 3-form-valued algebraic function of χ.
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Proof. From (4.49), and using (4.20) we have
Dψ∆ψ (χ) = −∆ψχ−LV (χ)ψ + 2d (divX) ∧ ϕ+ l.o.t.
However we can write (∇2X) ∧ ϕ = d ((divX)ϕ) + l.o.t.
and whence,
Dψ∆ψ (χ) = −∆ψχ− LVχψ + 2d ((divX)ϕ) + l.o.t. (4.54)
However, for a closed ψ, ∆ψψ is exact, and now all the higher order terms are exact, so the
lower order terms must be an exact 4-form, and can thus be represented as dF (χ) where F is
a 3-form which depends algebraically on χ.
In both the closed and co-closed case the vector field Vχ has been derived by considering
linearizations of ∆ϕϕ and ∆ψψ, respectively. It turns out that these vector fields, as well as
the vector field used in DeTurck’s trick for Ricci flow, actually have precisely the same origin,
even though this is not clear from the above situation, since the specifics of each case are a
little different. In general, following DeTurck’s original idea [7], suppose we fix an arbitrary
time-independent background metric g¯. Given a geometric flow, this could for example be taken
to be the metric at time t = 0. With respect to this background metric, we can write down
a background Levi-Civita connection ∇¯, using which we get a background Riemann curvature,
and in particular, a background Ricci curvature Ric. Now given an evolving metric g, we can
express all the quantities related to g in terms of the background quantities. Let
h¯ = g − g¯.
Then, it is easy to show that the difference between the corresponding Christoffel symbols Γ
and Γ¯ is given by
T ba c := Γ ba c − Γ¯ ba c =
1
2
gbd
(∇¯ah¯cd + ∇¯ch¯ad − ∇¯dh¯ac) (4.55)
From this, it is possible to obtain an expression for Ric (the details can be found in [5, 22], for
example) in terms of the background quantities and difference h¯
Ric = Ric− 1
2
∇¯2h+ 1
2
LV¯ g¯ +O
(
|h|2
)
(4.56)
where the vector V¯ is given by
V¯ b = gacT ba c (4.57)
In Ricci flow applications, the expression (4.56) is then used to relate the Ricci flow to the
strictly parabolic Ricci-DeTurck flow, and hence show short-time existence.
Going back to our 4-form flow (4.27), suppose the background metric is now g¯ = g0 - the
metric associated to the initial G2-structure ψ0. We also have
ψ − ψ0 = χ
where χ is some closed 4-form given by χ = ∗ (Xyψ + 3iϕ (h)), as before. From Proposition 3.1,
g = g¯ +
(
1
2
(
Trh
)
g¯ − 2h
)
+O
(
|χ|2
)
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where Trh = g¯abhab. Thus from (4.55),
T ba c =
1
2
g¯bd∇¯a
(
1
2
(
Trh
)
g¯cd − 2hcd
)
+
1
2
g¯bd∇¯c
(
1
2
(
Trh
)
g¯ad − 2had
)
−1
2
g¯bd∇¯d
(
1
2
(
Trh
)
g¯ac − 2hac
)
+O
(
|χ|2
)
= −g¯bd (∇¯ahcd + ∇¯chad − ∇¯dhac)
+
1
4
((∇¯aTrh) δbc + (∇¯cTrh) δba − (∇¯dTrh) g¯ac)+O (|χ|2)
Therefore, in this case the vector V¯ becomes
V¯ b = −2∇¯ch cd −
1
4
∇¯bTrh+O
(
|χ|2
)
(4.58)
where indices are raised using the background inverse metric g¯−1. Note however that χ is closed,
so it satisfies conditions (4.41). Using (4.41b), we can re-write (4.58) as
V¯ b =
3
4
∇¯bTrh− 2 (∇¯aXc) ϕ¯acb + U b (h,X) +O (|χ|2)
= V (χ)b + U b (h,X) +O
(
|χ|2
)
(4.59)
where U is a vector-valued function linear in h and X and which depends only on the torsion
of ϕ¯. Thus we see that if we are interested in linearization, and only at leading terms, we find
that V¯ is precisely equal to our V (χ). A similar argument gives the same result for closed
G2-structures as well [4]. This is not surprising, since to leading order, the evolution of the
metric is given by the Ricci flow in both cases.
5 Modified flow
In the previous section we have seen that the original Laplacian flow of ψ (1.3) is not parabolic,
and moreover, unlike the Laplacian flow of ϕ (1.1), it is not even weakly parabolic - as we have
seen, the principal symbol of ∆ψψ is indefinite. Hence, unlike the situation with the Ricci flow
or the Laplacian flow of ϕ, we cannot modify this flow to be parabolic just by adding a Lie
derivative along a vector V . In fact, in our case, we have seen that we choose V such that the
Λ41 ⊕ Λ427 component becomes parabolic. However it turns out that this addition cannot fix the
highest order terms of the Λ47 component of the flow. The main motivation for considering the
Laplacian flow of ψ is that it gives a flow of co-closed G2-structures with the volume functional
increasing monotonically along the flow, which suggests that if a long-time solution to this flow
were to exist, it would converge towards a torsion-free G2-stucture. So let us modify the flow
(1.1) such that it becomes weakly parabolic (before applying the DeTurck trick). However, it
is important that the new flow stays within the class of co-closed G2-structures and that the
volume functional increases along the flow.
Theorem 5.1 For a co-closed G2-structure defined by the closed 4-form ψ, consider the flow
dψ
dt
= ∆ψψ + 2d ((A− TrT )ϕ) . (5.1)
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where A is a fixed constant. Then, this is a weakly parabolic flow in the direction of closed forms,
and its linearization at a closed form χ is given by
dχ
dt
= −∆ψχ− LV (χ)ψ + dFˆ (χ)
where V (χ) is as in Proposition 4.8 and Fˆ (χ) is a 3-form-valued function that is algebraic in
χ.
Moreover, the evolution of the volume functional (3.17) is given by
dV
dt
=
1
2
∫
M
(
|T |2 +TrT (4A− 3Tr T )
)
vol. (5.2)
Proof. Let Qˆψ denote the operator on the right hand side of (5.1). Expand the extra term in
Qˆψψ:
2d ((A−TrT )ϕ) = −2d (TrT ) ∧ ϕ+ 2 (A− TrT ) dϕ
= −2d (TrT ) ∧ ϕ+ 2 (A− TrT ) (4τ 1ψ − 3 ∗ iϕ (τ27))
= −2d (TrT ) ∧ ϕ+ 8
7
TrT (A− TrT )ψ − 6 (A−TrT ) ∗ iϕ (τ27) (5.3)
Thus the only highest order terms are present in the Λ47 component. From (3.15)
Dψ (TrT ) (χ) = divX + l.o.t.
So, from (4.49) the linearization of Qˆψ is now given by
pi7
(
DψQˆψ
)
(χ) = −d (divX) ∧ ϕ+ l.o.t. (5.4)
pi1⊕27
(
DψQˆψ
)
(χ) = 3 ∗ iϕ
(
∇2hde −∇(d (div h)e) −
(
∇a∇(dX|b|
)
ϕabe) (5.5)
+
1
4
∇d∇eTrh− 1
4
(∇2Trh) gde
)
+ l.o.t.
From Proposition 4.8 we get that
Dψ∆ψ (χ) = −∆ψχ− LV (χ)ψ + 2d ((divX)ϕ) + dF (χ)
so,
DψQˆψ (χ) = −∆ψχ−LV (χ)ψ + 2d ((divX)ϕ) + dF (χ)
+2d (Aϕ˙− (divX)ϕ)
= −∆ψχ−LV (χ)ψ + dFˆ (χ)
where Fˆ = F + 2Aϕ˙, so is also a 3-form-valued function that is algebraic in χ. To see that this
Qˆψ is weakly parabolic, consider the alternative expression (4.35) for the linearization Qˆψ at a
closed form χ
pi7
(
DψQˆψ
)
(χ) = −d (divX) ∧ ϕ+ l.o.t.
= −1
2
(∇a (divX) +∇2Xa + curl (div h)a) ∧ ϕ+ l.o.t.
pi1⊕27
(
DψQˆψ
)
(χ) =
3
2
∗ iϕ
(
∇2hde −∇(d (div h)e) −∇a∇(dX|b|ϕabe)
− (∇b∇mhcn)ϕbc(dϕmne)
)
+ l.o.t.
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where we have used the relation (4.42c) to rewrite pi7
(
DψQˆψ
)
. From this, we can now write
down the principal symbol of DψQˆψ evaluated at some vector ξ:
pi7
(
σξ
(
DψQˆψ
)
χ
)
= −1
2
(
ξaξbX
b + |ξ|2Xa + ξmξnhnpϕmpa
)
∧ ϕ+ l.o.t.
pi1⊕27
(
σξ
(
DψQˆψ
)
χ
)
=
3
2
∗ iϕ
(
|ξ|2 hde − ξ(dξ|a|hae) − ξaξ(dX|b|ϕabe)
−ξbξmhcnϕbc(dϕmne)
)
+ l.o.t.
Then, 〈
σξ
(
DψQˆψ
)
χ, χ
〉
= 2 |ξ|2 |X|2 + 2 (ξaXa)2 + ξmξnhnpϕmpaXa
+ |ξ|2 |h|2 − ξdξahaehde − ξbξmhcnhdpϕbcdϕmnp
=
7
4
(
|ξ|2 |X|2 + (ξaXa)2
)
+ 2ωabω
ab ≥ 0
where
ωab = ξmϕ
mn
(ahb)n +
1
2
ξ(aXb).
Note that if χ ∈ Λ41, then
〈
σξ
(
DψQˆψ
)
χ, χ
〉
= 0, hence Qˆψ is indeed only weakly parabolic in
the direction of closed forms.
Now consider the evolution of the volume functional:
dV
dt
=
∫
M
d
dt
√
det g.
From (4.32) and applying (3.9a) to (5.3), we have
d
dt
√
det g =
(
1
2
(
|T |2 + (TrT )2
)
+ 2Tr T (A− TrT )
)√
det g
=
1
2
(
|T |2 +TrT (4A− 3TrT )
)√
det g.
In particular we see that if at every time t along the flow the following holds
A
∫
M
TrTvol ≥ 3
4
∫
M
(TrT )2 vol (5.6)
then the volume functional grows along the flow (5.1). This is of course true if for positive A
0 ≤ TrT ≤ 4
3
A (5.7)
holds everywhere on M for all t. So as long as the condition (5.6) holds, our flow satisfies all
the desired properties. We can also get an alternative condition for the positivity of dVdt . From
(4.30) we have an expression for the scalar curvature R of a co-closed G2-stucture.:
R = − |T |2 + (TrT )2 (5.8)
26
Hence, we can rewrite the evolution of
√
det g as
d
dt
√
det g =
1
2
(−R+ 2Tr T (2A− TrT ))
√
det g.
Thus, dVdt ≥ 0 if and only if ∫
M
Rvol ≤ 2
∫
M
TrT (2A− TrT ) vol (5.9)
In order to understand whether any of the conditions (5.6), (5.7) or (5.9) have any hope of
holding along the flow, we first need to understand how the torsion evolves along the flow (5.1).
Proposition 5.2 The evolution of the torsion tensor T under the flow (5.1) is given by
d
dt
Tab = ∆LTab + (TrT − 2A) (curlT )ab + 4T np
(
∇nTm(a
)
ϕb)pm (5.10)
+2
(
∇(aTmn
)
ϕb)mpT
p
n + 2 (∇mTrT )ϕmn(aT nb) + ((curlT ) ◦ T )ab
+
2
3
ψacdeψbmnpT
cmT dnT ep + 2
(
T 3
)
ab
+ 2 (A− TrT ) (T 2)
ab
+
1
2
(
(TrT )2 − 3 |T |2
)
Tab
+gab
(
1
2
(TrT ) |T |2 − 1
3
Tr
(
T 3
)
+
1
6
〈T ◦ T, T 〉 − 1
6
(TrT )3
)
where ∆L denotes the Lichnerowicz Laplacian, given by
∆LTab = ∇2Tab − 2Re(bTa)e + 2RacbdT cd
Also, the evolution of TrT under the same flow is given by
d
dt
TrT = ∇2TrT − 〈curlT, T 〉 − 1
2
〈T ◦ T, T 〉 − Tr (T 3)− 2 (A− TrT ) |T |2 (5.11)
Proof. From Proposition 3.2, we know that if
d
dt
ψ = ∗ (Xyψ) + 3 ∗ iϕ (h)
then,
dTab
dt
=
1
4
(Trh)Tab − T ca hcb − T ca Xdϕdcb + (curlh)ab +∇aXb −
1
4
(∇cTrh)ϕcab.
Then using (4.26) and (4.23) we find that for the flow (5.1), we have
X = ∇TrT (5.12a)
hab = − curl (T )ab −
1
2
(T ◦ T )ab −
(
T 2
)
ab
+
1
6
gad |T |2 − 2 (A− TrT )Tad (5.12b)
+
1
6
TrT (4A− 3Tr T ) gad (5.12c)
Trh =
2
3
(
|T |2 +TrT (4A− 3TrT )
)
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We then substitute X, h and Trh into the expression for dTabdt , and simplify using the contraction
identities (2.4), the Ricci identity and the expression for the Ricci curvature (4.30). After a
lengthy calculation, the expression (5.10) follows.
The evolution of TrT can be derived from (5.10), but an easier way is to calculate it first
for a general flow using Proposition (3.1) and Proposition 3.2, and then applying (5.12)
d
dt
TrT =
d
dt
(
gabTab
)
=
(
d
dt
gab
)
Tab + g
ab d
dt
(Tab)
=
(
−1
2
(Trh) gab + 2hab
)
Tab
+gab
(
1
4
(Trh)Tab − T ca hcb − T ca Xdϕdcb + (curlh)ab +∇aXb −
1
4
(∇cTrh)ϕcab
)
= −1
4
TrhTr T + 〈T, h〉+ divX
= ∇2 TrT − 〈curl (T ) , T 〉 − 1
2
〈T ◦ T, T 〉 − Tr (T 3)+ 1
6
|T |2 TrT − 2 (A− TrT ) |T |2
+
1
6
(TrT )2 (4A− 3TrT )− 1
6
(
|T |2 +TrT (4A− 3TrT )
)
= ∇2 TrT − 〈curlT, T 〉 − 1
2
〈T ◦ T, T 〉 − Tr (T 3)− 2 (A− TrT ) |T |2
In (5.11), if A is large enough and if Tab is positive definite, then at least the non-derivative
terms will be negative. This is due to the following observation regarding the G2 product ◦.
Lemma 5.3 Suppose A and B are positive-definite symmetric 2-tensors. Then the product A◦B
is also positive definite.
Proof. The matrices A and B have unique positive-definite symmetric square root matrices A
1
2
and B
1
2 . So we can rewrite A ◦B as
(A ◦B)ab = ϕamnϕbpq
(
A
1
2
)mc (
A
1
2
) p
c
(
B
1
2
)nd (
B
1
2
) q
d
= UaUb
where
Ua =
(
ϕamn
(
A
1
2
)mc (
B
1
2
)nd)
.
Hence A ◦B is indeed positive definite.
However in order to be able to use the Maximum Principle to conclude that TrT is always
bounded from above, if it is initially so, we would need to show that a positive definite Tab
remains positive definite along the flow and we also need to be able to control the term 〈curlT, T 〉
in (5.11). Equivalently we would need to be able to control 〈Ric, T 〉, since curlT enters the
expression for the Ricci curvature (4.30). This is certainly not obvious from (5.10), however
given the similarities with Ricci flow, and corresponding results about the evolution of the Ricci
and scalar curvatures along the Ricci flow, it seems to be a reasonable conjecture that Tab is
positive and TrT does in fact satisfy (5.7) along the flow. The properties of the torsion and the
curvature along the flow (5.1) will be subject to further research.
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6 Short-time existence and uniqueness
Let us now formulate the initial value problem for which we want to prove short-time existence
and uniqueness: 

d
dtψ = ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ)
dψ = 0
ψ|t=0 = ψ0
(6.1)
Here will adapt the method that was used by Bryant and Xu [4] to show short-time existence
and uniqueness for the Laplacian flow of ϕ (1.1). Since for closed ψ (t), the right hand side of
the flow is exact, for any t, ψ (t) stays within the same cohomology class [ψ0] and hence we can
write
ψ (t) = ψ0 + χ (t) (6.2)
where χ (t) is an exact form. We can thus rewrite (6.1) in an equivalent way:

d
dtχ = ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ)
χ is exact
χ|t=0 = 0
(6.3)
As before, suppose χ is given by
χ = ∗ (Xyψ + 3iϕ (h)) .
Then, as before, define the vector
V (χ) =
3
4
∇Trh− 2 curlX (6.4)
From Theorem 5.1, we can say that the following initial value problem is parabolic in the
direction of closed forms

d
dtχ = ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ) + LV (χ)ψ
χ is exact
χ|t=0 = 0
(6.5)
The idea is to first show short-time existence and uniqueness of solutions for the flow (6.5), and
then from these, obtain solutions of (6.3) via diffeomorphisms. Since (6.5) is parabolic only in
certain directions, standard theory of parabolic PDEs does not apply, and we thus have to use
the Nash-Moser inverse function theorem for tame Fre´chet spaces. This technique was first used
by Hamilton for the Ricci flow [15, 14] and Bryant and Xu for the Laplacian flow of ϕ [4]. We
first review basic definitions as introduced by Hamilton [14].
Definition 6.1 1. A graded Fre´chet space F is a complete Hausdorff topological vector space
with the topology defined by a collection of increasing semi-norms {‖·‖n}∞n=1, so that
‖x‖0 ≤ ‖x‖1 ≤ ‖x‖2 ≤ ...
for every x ∈ F , so that a sequence converges if and only if it converges with respect to
each semi-norm and a subset U ⊂ F is open if and only if around every point x ∈ U there
exists an open ball contained in U with respect to the semi-norm ‖·‖n for some n. Such a
collection of norms is called a grading.
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2. Two gradings {‖·‖n}∞n=1 and
{‖·‖′n}∞n=1 are said to be tamely equivalent of degree r and
base b, if for all x ∈ F
‖x‖n ≤ C (n) ‖x‖′n+r and ‖x‖′n ≤ C (n) ‖x‖n+r (6.6)
for all n ≥ b.
3. Let F and G be graded Fre´chet spaces. Then a linear map L : F −→ G is tame if it
satisfies a tame estimate of degree r and base b, that is, for each n ≥ b the following holds:
‖Lx‖n ≤ C (n) ‖x‖n+r (6.7)
for some constant C (n) that may depend on n. A tame linear map is continuous in the
topology of F .
4. Suppose P : F −→ G is a continuous map. Then P is tame if it satisfies the following
tame estimate of degree r and base b:
‖Px‖n ≤ C (n)
(
1 + ‖x‖n+r
)
for each n ≥ b (6.8)
A tame map is said to be smooth tame if all its derivatives are tame.
5. Let (B, ‖·‖B) be a Banach space, then Σ (B) denotes the graded Fre´chet space of all se-
quences {xk}k∈N in B such that for all n ≥ 0
∥∥{xk}k∈N∥∥n :=
∞∑
k=0
enk ‖xk‖B <∞ (6.9)
6. A graded Fre´chet space F is tame if there exists a Banach space B and two tame linear
maps L : F −→ Σ (B) and M : Σ (B) −→ F such that M ◦ L is the identity on F .
The main reason for introducing the Fre´chet space formalism is the Nash-Moser inverse
function theorem.
Theorem 6.2 (Nash-Moser Inverse Function Theorem [14]) Let F and G be tame Fre´chet
spaces, and f : U ⊂ F −→ G a smooth tame map. Suppose that
1. The derivative Df (x) : F −→ G is a linear isomorphism for all x ∈ U
2. The map U× G −→ F given by
(x, v) −→ (Df (x))−1 (v)
is a smooth tame map. Then, f is locally invertible and each local inverse f−1 is a smooth
tame map.
As shown in [14], if M is a compact manifold, and V is a vector bundle over M , then the
space C∞ (M,V ) of smooth sections of V is in fact a tame space. Different tamely equivalent
gradings can be chosen, but usually either Sobolev or supremum norms are used. Moreover,
suppose P is a non-linear (smooth) vector bundle differential operator, then it is also shown in
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[14] that it is in fact a smooth tame map. Hence Theorem 6.2 is very useful for the study of
non-linear PDEs since it provides sufficient conditions for local existence of solutions.
Consider now tame spaces of time-dependent sections of vector bundles, as introduced in
[15]. Let u ∈ C∞ ([0, T ]×M,V ) be a time dependent section of the vector bundle V over M .
Define
|u|2n =
∫ T
0
|u (t)|2Hn dt (6.10)
where |·|Hn is the Sobolev L2 norm of u and its covariant derivatives up to degree n. Hence |u|n
only takes into account space derivatives. Now, define
‖u‖n =
∑
2j≤n
∣∣∣∣∣
(
∂
∂t
)j
u
∣∣∣∣∣
n−2j
. (6.11)
This is a weighted norm counting one time derivative equal to two space derivatives. In partic-
ular, the grading (6.11) makes C∞ ([0, T ]×M,V ) a tame space. We can also define a tamely
equivalent grading |[·]|n given by
|[u]|n =
∑
2j≤n
[(
∂
∂t
)j
u
]
n−2j
(6.12)
where [u]n is the supremum norm of u and its space derivatives up to degree n.
Since we are interested in the flow of exact forms (6.5), we introduce the set
U = {χ ∈ dC∞ ([0, T ]×M,Λ3 (M)) : ψ0 + χ is a definite 4-form} . (6.13)
This is an open set of the space F of time-dependent exact 4-forms on M :
F = dC∞ ([0, T ]×M,Λ3 (M)) (6.14)
Also define the space G of time-independent exact 4-forms:
G = dC∞ (M,Λ3 (M)) (6.15)
Now let
H = F × G
and consider the map
F : U −→ H
given by
χ −→
(
d
dt
χ−∆ψψ − 2d ((A− TrTψ) ∗ψ ψ)− LV (χ)ψ, χ|t=0
)
. (6.16)
Here χ = ψ − ψ0. Note that in [4] exactly the same spaces were considered for exact 3-forms
rather than 4-forms, and the map involved the Laplacian flow operator for the 3-form ϕ. In [4,
Proposition 4.2] it was shown that the spaces dC∞
(
[0, T ]×M,Λ2 (M)), dC∞ (M,Λ2 (M)) and
hence their product are tame. However exactly the same proof applies to exact 3-forms. Thus
we have
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Proposition 6.3 ([4]) The space F is a tame Fre´chet space with the grading ‖·‖n restricted
from C∞
(
[0, T ]×M,Λ3 (M)). The space G is a tame Fre´chet space with the grading |·|n and
the product H = F × G is a tame Fre´chet space with the grading ‖·‖n + |·|n.
The map F is a smooth differential operator, so it is a tame map. Now to apply the Nash-
Moser Theorem to the map F (6.16) we thus need to show that the derivative DF (χ) : F −→ H
is an isomorphism for all χ ∈ U , and moreover that its inverse is smooth tame. Again, the proofs
of these facts are almost exactly the same as in [4, Proposition 4.2].
Lemma 6.4 ([4, Lemmas 4.3 and 4.4]) Given the map F (6.16), its derivative
DF (χ) : F −→ H
is an isomorphism for all χ ∈ U .
Proof. From Theorem 5.1, we get that for closed θ, the derivative of the map F is given by
DF (χ) θ =
(
d
dt
θ +∆ψθ + dFˆ (θ) , θ|t=0
)
(6.17)
where ψ = ψ0 + χ. To show injectivity we need to show that the initial value problem for a
closed 4-form θ {
d
dtθ +∆ψθ + dFˆ (θ) = 0
θ|t=0 = 0
(6.18)
has a unique solution θ = 0. However this is a linear parabolic PDE, and thus θ = 0 is the
unique solution.
To show surjectivity, we have to show that for any time-dependent exact 4-form η and any
exact 4-form θ0 there is a time-dependent 3-form θ which satisfies{
d
dtθ +∆ψθ + dFˆ (θ) = η
θ|t=0 = θ0
(6.19)
Since θ and η are all exact, we can write
θ = dα
η = dβ
for time-dependent 3-forms α and β. Correspondingly, θ0 = dβ0. Now consider the following
initial value problem: {
d
dtα+∆ψα+ Fˆ (dα) = β
β|t=0 = β0
(6.20)
From standard parabolic theory, there exists a unique solution β (t). Hence θ = dβ solves (6.19).
Now that we have that DF (χ) is an isomorphism for each χ ∈ U , we can define the family
of inverse maps
(DF )−1 : U ×H −→ F
(χ, θ, θ0) −→ (DF (χ))−1 (θ, θ0)
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Lemma 6.5 The map (DF )−1 : U ×H −→ F is smooth tame.
Proof. From (6.4) we know that θ = (DF )−1 (χ, η, θ0) is the unique solution to the linear
parabolic equation {
d
dtθ +∆ψθ + dFˆ (θ) = η
θ|t=0 = θ0
(6.21)
with ψ = ψ0 + χ. It then follows from standard linear parabolic theory that (DF )
−1 is smooth
tame. For details we refer the reader to [4, Lemma 4.7], where exactly the same result is proven
for 3-forms. It applies in the same way to 4-forms.
Now we can apply the Nash Moser theorem to the map F .
Lemma 6.6 ([4, Lemma 0.2]) Suppose χ ∈ U is a solution to{
d
dtχ−∆ψψ − 2d ((A−TrTψ) ∗ψ ψ)− LV (χ)ψ = η
χ|t=0 = χ0
(6.22)
Then for (η¯, χ¯0) ∈ H sufficiently close to (η, χ0), there is a unique solution χ¯ (t) to the system{
d
dt χ¯−∆ψ¯ψ¯ − 2d
((
A−TrTψ¯
) ∗ψ¯ ψ¯)− LV (χ¯)ψ¯ = η¯
χ¯|t=0 = χ¯0
(6.23)
where ψ¯ = ψ0 + χ¯.
Proof. The derivative DF of the map F (6.16) satisfies the conditions of Theorem 6.2, and
hence F itself is locally invertible. Therefore, given (η¯, χ¯0) ∈ H sufficiently close to (η, χ0), there
exists a solution χ¯ = F−1 (η¯, χ¯0).
It is now straightforward to obtain short-time existence and uniqueness of solutions to the
gauge-fixed flow (6.5).
Corollary 6.7 The initial value problem (6.5) has a unique solution for the time period [0, ε]
for some ε > 0.
Proof. Here we apply the same method as used in [4], and originally by Hamilton in [15]. Let
χ (t) be a family of 4-forms such that its formal Taylor series at t = 0 is what it must be to solve
(6.5) with χ (0) = χ0. This can be done by differentiating through the flow equation (6.5) and
solving for d
kχ
dtk
∣∣∣
t=0
. Then let
η (t) =
d
dt
χ−∆ψψ − 2d ((A− TrTψ) ∗ψ ψ)− LV (χ)ψ (6.24)
where ψ = ψ0 + χ. It follows that the formal Taylor series of η at t = 0 is identically zero. We
then extend η (t) such that η (t) = 0 for t < 0. Now define η¯ to be the translation of η by some
ε > 0
η¯ (t) = η (t− ε) .
Thus, we get a 4-form η¯ (t) which vanishes for t ∈ [0, ε] for some ε > 0. We can then apply
Lemma 6.6 to the two pairs (η¯, χ0) and (η, χ0), possibly for a shorter time period [0, ε
′]. This
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then gives existence of a unique solution χ¯ (t) to the system (6.23). However, since η¯ vanishes
up to time ε′, we get a unique solution to (6.5) for t ∈ [0, ε′].
Following [4], to prove short-time existence and uniqueness for the initial value problem (6.3),
we need to relate (6.5) and (6.3) via diffeomorphisms. Let ψ (t) be a family of G2-structure 4-
forms, and φ (t) a family of diffeomorphisms defined by the evolution equation{
d
dtφ (t) = −V
(
χ¯φ (t)
)
φ|t=0 = Id
(6.25)
where χ¯φ (t) =
(
φ−1
)∗
ψ − ψ0 and V is given by (6.4).
Lemma 6.8 The flow (6.25) is strictly parabolic.
Proof. We have to linearize (6.25). Suppose
∂φ
∂s
∣∣∣∣
s=0
= U (6.26)
for some vector field U . Then,
∂φ−1
∂s
∣∣∣∣
s=0
= − (φ−1)
∗
U (6.27)
and hence,
∂
(
φ−1
)∗
ψ
∂s
∣∣∣∣∣
s=0
=
(
φ−1
)
∗
L−(φ−1)
∗
Uψ
= −LU
(
φ−1
)∗
ψ (6.28)
Now, define ψ¯ =
(
φ−1
)∗
ψ. This defines now a new G2-structure. So we have
∂ψ¯
∂s
∣∣∣∣
s=0
= −LU ψ¯ (6.29)
So on the right hand side of (6.25), χ¯ = ψ¯ − ψ0 and whence,
− V (χ¯) = −
(
3
4
∇¯aTrh+ (curlX)a) (6.30)
where everything is with respect to the G2-structure ψ¯, and χ¯ is given by
χ¯ = ∗ (Xyψ¯ + 3iϕ¯ (h)) .
Hence
−∂V (χ¯)
∂s
∣∣∣∣
s=0
= − ∂
∂s
(
3
4
∇¯aTrh+ (curlX)a)∣∣∣∣
s=0
Now,
−LU ψ¯ = −d
(
Uyψ¯
)− Uydψ¯.
= −d (Uyψ¯)
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since ψ¯ is closed, so from Proposition 2.3, we get the type decomposition of −LU ψ¯
pi7
(−LU ψ¯) = 1
2
(
curlU
) ∧ ϕ¯+ l.o.t. (6.31)
pi1⊕27
(−LU ψ¯) = 3 ∗ iϕ
(
∇¯(mUn) −
1
3
(
divU
)
g¯mn
)
+ l.o.t. (6.32)
Since
∂χ¯
∂s
∣∣∣∣
s=0
=
∂ψ¯
∂s
∣∣∣∣
s=0
= −LU ψ¯
we find that
∂Xa
∂s
∣∣∣∣
s=0
=
1
2
(
curlU
)
a
+ l.o.t.
∂hmn
∂s
∣∣∣∣
s=0
= ∇¯(mUn) −
1
3
(
divU
)
g¯mn + l.o.t.
and therefore,
∂
(∇¯aTrh)
∂s
∣∣∣∣∣
s=0
= −4
3
∇¯adivU + l.o.t.
∂
(∇¯mXnϕ¯mna)
∂s
∣∣∣∣∣
s=0
=
1
2
(∇¯m∇¯pUq) ϕ¯pqnϕ¯mna + l.o.t.
= −1
2
∇2Ua + 1
2
∇¯adivU + l.o.t.
where in the last line we have used once again the identity (2.4a).Whence, the linearization
DφV of V at φ is given by
(DφV ) (U) =
1
2
∇2Ua + 1
2
∇¯adivU + l.o.t. (6.33)
Given some non-zero vector field ξ, the principal symbol is now
σξ (DφV ) (U) =
1
2
|ξ|2 Ua + 1
2
ξa 〈ξ, U〉
and hence
〈σξ (DφV ) (U) , U〉 = 1
2
|ξ|2 |U |2 + 1
2
〈ξ, U〉2 ≥ 0
with equality if and only if U is identically zero. So indeed, the flow (6.25) is indeed strictly
parabolic.
Now are finally ready to prove the short-time existence and uniqueness for the initial value
problem (6.1). The proof is again modelled on [4].
Theorem 6.9 The initial value problem (6.1) has a unique solution for t ∈ [0, ε].
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Proof. From Corollary 6.7, we have a short-time solution χ¯ = ψ¯ − ψ0 for (6.5). In (6.25) let
χ¯φ (t) = χ¯ (t) , so that it now becomes an ODE, since χ¯ (t) is now a fixed family of 4-forms,
independent of the diffeomorphisms φt:{
d
dtφ (t) = −V (χ¯ (t))
φ|t=0 = Id
(6.34)
The ODE (6.34) has a unique solution φt. Now let
ψ (t) = (φt)
∗ ψ¯ (t) . (6.35)
Since φ0 = Id,
ψ (0) = ψ0.
Also,
dψ (t) = d
(
(φt)
∗ ψ¯ (t)
)
= (φt)
∗ dψ¯ (t) = 0
since diffeomorphisms commute with d and dψ¯ (t) = 0. Now let us show that ψ (t) satisfies the
flow equation (6.1).
d
dt
ψ (t) =
d
dt
(
(φt)
∗ ψ¯ (t)
)
= (φt)
∗ (L−V (χ¯)ψ¯ (t))+ (φt)∗
(
d
dt
ψ¯ (t)
)
(6.36)
where we have used (6.34). From (6.5), ψ¯ (t) satisfies the flow equation
d
dt
ψ¯ (t) = ∆ψ¯ψ¯ + 2d
((
A− TrTψ¯
) ∗ψ¯ ψ¯)+ LV (χ¯)ψ¯
Hence
(φt)
∗
(
d
dt
ψ¯ (t)
)
= ∆φ∗t ψ¯
(
φ∗t ψ¯
)
+ 2d
((
A− TrTφ∗t ψ¯
)
∗φ∗t ψ¯
(
φ∗t ψ¯
))
+ (φt)
∗ (LV (χ¯)ψ¯)
= ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ) + (φt)∗
(LV (χ¯)ψ¯)
So overall, from (6.36) we find
d
dt
ψ (t) = ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ) .
Thus indeed, ψ (t) solves the system (6.1) for a short time 0 ≤ t ≤ ε.
Now let us prove uniqueness. Suppose ψ1 and ψ2 are two solutions of (6.1), and let φ1 and
φ2 be corresponding solutions of (6.25). For i = 1, 2 define
ψ¯i =
(
φ−1i
)∗
ψi. (6.37)
Both ψ¯i are clearly closed, and satisfy
d
dt
ψ¯i (t) =
(
φ−1i
)∗ (L−(φ−1i )∗V (χ¯i)ψi (t)
)
+
(
φ−1i
)∗( d
dt
ψi (t)
)
(6.38)
= LV (χ¯i)
((
φ−1i
)∗
ψi
)
+
(
φ−1i
)∗ (
∆ψiψi + 2d
((
A− TrTψi
) ∗ψi ψi))
= LV (χ¯i)ψ¯i +∆ψ¯iψ¯i + 2d
((
A− TrTψ¯i
)
∗ψ¯i ψ¯i
)
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This is precisely the flow equation (6.5). Now, φi (0) = Id, and ψi (0) = ψ0, so ψ¯i have same
initial conditions. However, from Corollary 6.7, we know that the system (6.5) has a unique
solution, whence ψ¯1 = ψ¯2. Then, φ1 and φ2 satisfy the same ODE (6.34) with the same initial
conditions, so are also equal. Therefore, ψ1 = ψ2.
7 Concluding remarks
We have thus found a modified Laplacian coflow of co-closed G2-structures given by
d
dt
ψ (t) = ∆ψψ + 2d ((A− TrTψ) ∗ψ ψ)
for a family of closed 4-forms ψ (t) and a constant A. Given an initial condition ψ (0) = ψ0
this flow was found to have a unique short-time existence. Moreover, if along the flow TrTψ
remains non-negative and less than or equal to 43A, the volume functional V (3.17) increases
monotonically. An alternative necessary and sufficient condition for this is a bound for the total
scalar curvature, in terms of TrTψ:∫
M
Rvol ≤ 2
∫
M
TrT (2A− TrT ) vol
Further questions can be asked about this flow, in particular, the long-term existence of solutions.
In general, one would expect singularities to develop in finite time, but perhaps there are some
initial conditions which lead to smooth long-term solutions. A more likely property is the
stability of solutions - if the initial condition is sufficiently close to a torsion-free G2-structure,
whether that would lead to a long-term solution. It is possible that the method used by Xu and
Ye in [25] for the Laplacian flow of ϕ could be adapted in this scenario. This will be the subject
of further study. Another interesting question is whether given solutions of the modified flow
(6.1) one can find solutions of the original Laplacian coflow of ψ (1.3). The answers to these
questions should lead to a better understanding of the relationships between different torsion
classes of G2-structures, and torsion-free G2-structures, in particular.
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